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Abstract. We consider the D-branes that occur in IIA/IIB string theory com- 
pactified on a torus. We review how a general expression for the Wess-Zumino 
term of such branes is derived. We also review the method to determine the 
D-brane Wess-Zumino term in a U-duality covariant way, and we apply it to 
derive all the branes obtained by transforming the D-branes under U-duality in 
any dimension above five. We finally determine all the supersymmetric branes 
supporting worldvolume tensor multiplets that occur in these theories in any 
dimension. 



1. Introduction 

D-branes, that are defined as the endpoints of open strings, are a crucial ingre- 
dient in the study of non-perturbative string theories. The fact that string theories 
possess non perturbative U-duality symmetries implies that D-branes are mapped 
by these symmetries to other non-perturbative branes. In order to study how D- 
branes transform under U-duality, it is sufficient to consider the low-energy limit, in 
which this duality can be seen as a continuous symmetry which is the global sym- 
metry of the corresponding supergravity theory. We are interested in theories with 
maximal supersymmetry, that is IIA/IIB string theory compactified on a torus. For 
these theories the continuous U-duality symmetries are given in Table [1] 

In general, p-branes couple electrically, via a Wess-Zumino (WZ) term, to the 
p -\- 1-form potentials of the low-energy supergravity theory. It turns out that the 
supersymmetry algebra of maximal supergravity theories closes not only on the 
propagating gauge fields and their magnetic duals, but also on D — 2-forms (dual 
to scalars), D — 1-forms (dual to constants) and I?-forms (objects with vanishing 
field-strength). The allowed U-duality representations of these potentials have been 
classified in [S [H |3] . The branes associated to these potentials have co-dimension 
equal or lower than 2, and as such there are consistency issues that one has to 
consider in introducing them, most notably the fact that in order to have a finite 
energy solution one has to introduce orientifoldsQ Nonetheless, one can still de- 
termine the number of these branes by only imposing the weaker requirement of 
local existence, which amounts to requiring the existence of a supersymmetric ef- 
fective action. Remarkably, this analysis reveals that these "non-standard" branes 
are fewer than the corresponding potentials. 

Key words and phrases. Duality, supersymmetry. 

^The U-duality representations of branes with co-dimension higher than two have been ex- 
tensively studied in the past, see e.g. [4|. 
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dimension D 


duality group G 


11 


1 


lOA 


E+ 


lOB 


SL(2,IR) 


9 


GL(2,M) 


8 


SL(3,M) X SL(2,R) 


7 


SL(5,]R) 


6 


SO(5,5) 


5 


E6(6) 


4 


E7(7) 


3 


E8(8) 



Table 1 . The U-duality groups for all maximal supergravities in 
dimensions 3 < I? < 11. The group is always over the real numbers 
and of split real form. In D = 10 we distinguish between IIA and 
IIB supergravity. 



The counting of non-standard branes was performed in the IIB case in [5]. 
Given the SL(2,M) covariant forms of the theory [6] 

(1.1) ^2,a (2) Ai (1) ^6.a (2) As,a0 (3) Aio,c./37 (4) ^lO.a (2) 

one can project on the RR sector, which is associated to D-branes, introducing the 
charges q" and such that 

(1.2) B2 = q"A2,o. C2 = r^2,a 

are the NS-NS and RR 2-forms. Performing an SL(2,R) transformation therefore 
corresponds to swapping q"" and g". The charge that projects on the RR 8- form is 

(1.3) r/g^'ea^ , 

and denoting with n[q) and n{S[) the number of g's and g's that occur in a given 
expression for the charges, we denote the charge in eq. (|1.3p with (n(g),n(g)) = 
(3, 1). By swapping q and q this charge can only be mapped to the charge (1,3). 
Consequently, there are two supersymmetric branes inside the triplet of 8-forms 
^8.Q/3 Similarly, the D9-brane corresponds to projecting the quadruplet of 10- 
forms AiQ^ap-y via the charge (4,1), which can only be rotated to the charge (1,4) 
giving in total two 9-branes inside the quadruplet. This analysis also reveals that 
the way the tension scales with the string coupling, 

(1.4) Tension ^ (5s)" , 
is given by 

(1.5) a = —n{q) 

The aim of this contribution is to review the results of [8], where the same 
techniques where applied to maximal supergravity theories in lower dimensions, 
leading to a universal gauge- invariant expression for the WZ terms of the D-branes. 
We will then apply these methods to determine in any dimension above five the 
number of non-standard branes that are obtained by performing U-duality rotations 



■^The third potential does not correspond to a single supersymmetric brane, but can be 



associated to a bound state of two supersymmetric branes [7] . 
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on the D-branes. Finally, we will also determine in any dimension the number of 5- 
branes whose worldvolume degrees of freedom are described by a tensor multiplet. 
These branes, that we call "tensor branes", always belong to different U-duality 
multiplets with respect to the D-branes. 

2. D-branes in various dimensions 

We wish to repeat the IIB analysis of 5 in any dimension D for any maximal 
supergravity theory. We list the n-forms on which the supersymmetry algebra closes 
as 

(2.1) ^l,Mi A2.M2 ^3, A/3 •■• Au.Mo 1 

where Mi, M2, ...Mo denote the representations of U-duality to which the various 
forms belong. For all the spacetime-filling Z?-forms and for all forms of rank higher 
than five these representations turn out to be reducible. 

Under gauge transformations, in general each form in (|2.ip transforms with 
respect to the gauge parameters of the lower rank forms according to the gauge 
algebra of the given theory, whose generalized structure constants are invariant 
tensors of the U-duality group. For instance, the 2-form A2_a/2 transforms as 

(2.2) 5A2^M2 — d^.l,M2 — f^^^^^ M2^0,MiF2,M^ , 

where Aq^Mi and i^2,A/i are the gauge parameter and field strength of the 1-form 
Ai^Mi and f^^'^^M2 is an invariant tensor. This leads to the gauge-invariant field 
strength 

(2.3) ^3,M2 = C?^2,A/2 + /^^^^^A/2^1,Mi^2,A/i 

Similarly, one can define generalized structure constants for higher rank fields, and 
the closure of the gauge algebra determines the constraints that these invariant 
tensors have to consistently satisfy [9l [8] . 

In any dimension D, the U-duality group contains the T-duality subgroup that 
has the universal expression SO(d, d), with d = \0 — D. Given that T-duality is a 
perturbative symmetry of string theory, we expect the D-branes to form represen- 
tations of the T-duality group. It is therefore useful to decompose the U-duality 
representations with respect to T-duality according to 

(2.4) U - duality D SO(d, d) x M+ . 

In general, for each supersymmetric brane occurring in the theory, the scaling of 
its tension with respect to the string coupling, determined by the parameter a in 
(|1.4p . is related to the ]R+-weight of the corresponding potential. 

Direct inspection in all dimensions [51 110] reveals a universal structure, at least 
for the highest values of a, which we summarize here: 

• Neglecting the scalars, the highest possible value of a is a = 0, which cor- 
responds to the fundamental fields -Bi,a and B2 in the vector and singlet 
representations of T-duality respectively. These fields are associated to 
the fundamental particles and the fundamental string. 

• The RR fields, that is the fields associated to D-branes, that have a = —1, 
are spinors of T-duality of alternating chirality C2n,a and C2n+i,a [I]- For 
standard branes this has been discussed in e.g. [llj . 

• The solitonic fields, associated to branes with a = —2, are antisymmetric 
tensors of T-duality [10] . 
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• The fields associated to branes with a = — 3 also have a universal struc- 
ture. It turns out that they belong to tensor-spinor representations of 
T-duality [T2;. 

• In case of forms belonging to reducible representations, the RR fields 
(associated to D-branes) always belong to the highest dimensional repre- 
sentation. 

We are now in the position to generalize the IIB analysis of |5] that was reviewed 
in the introduction. We introduce two charges q^^ and q^^^ that project the 1-form 
Ai^Mi on the Fundamental and RR 1-forms: 

(2.5) Bi.A = q\''Ai.M, Ci.a^q^'Ai.M, ■ 

It follows that the charges that project the U-duality covariant fields (|2.1I) on the 
fundamental 2-form B2 and all the RR fields of rank higher than 1 are all given in 
terms of these charges [5] , and using the properties of the invariant tensors of the 
various U-duality groups it can be shown that these expressions are always unique. 
As an example, we write here the expression for the fundamental and RR 2-forms: 

(2.6) B2 = q^ qs JMiNi V ^2,A/2 C2,d ^ qA la JMiNi Id -^s^A/a ■ 

Exactly as in the IIB case, the charges that project on the fundamental fields have 
n{q) — 0, while the charges that project on the RR fields have n{q) = 1. The 
general expression for the charge corresponding to the RR fields of rank higher 
than 2 was derived in 8]. 

In order to write down a gauge invariant WZ term for a D-brane, one introduces 
the world- volume fields 60, A and 61, such that the corresponding gauge invariant 
field strengths are 

(2.7) Ti,A ^ dbo,A + Bi^A T2 = dbi+B2 . 

It follows that the WZ terms have the universal and elegant expression 

(2.8) e^^e^'-^'^^C , 

where Ta are the gamma matrices of the T-duality group SO{d,d) acting on the 
various RR fields, which are spinors of T-duality. The above formula thus provides 
an expression for the WZ term of a D-brane for each component of the T-duality 
spinor. Using the properties of these gamma matrices, one can show that the world- 
volume fields contained in the expression (|2.8p . together with the transverse scalars, 
form the bosonic sector of a world- volume vector multiplet as required [8l 110] . 

3. The D-brane U-scan 

In this section we determine the numbers of different branes obtained by per- 
forming U-duality transformations on the D-branes discussed in the previous sec- 
tion. Since for standard branes the result of this analysis is straightforward, because 
the number of these branes is equal to the dimension of the representation of the 
corresponding field, we will concentrate on the non-standard branes. The strategy 
is the same as in the IIB case reviewed in the introduction: given the expression for 
the charge of the D-brane, which for a RR n form is an expression with n — 1 q's 
and one g, we perform all possible rotations of the g's and g's. In each expression, 
we determine the value of a of the corresponding brane according to 

(3.1) a — ~n{q) 
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brane 


U repr 


a = -1 


a = -2 


a — —3 


a = -4 


6-brane 


2 C 33 


1 




1 




7-brane 


2 C 34 


1 




1 




8-brane 


2 C 44 


1 






1 



Table 2. The non-standard branes in nine dimensions. The U- 
duahty group is S'L(2,IR) x The subscript indicates the R+- 
weight. 



We perform this analysis in any dimension above five. Tlie lower-dimensional cases 
are more involved and we leave them as an open problem. 

3.1. D=9. Given that the U-duality symmetry in nine dimensions is SL(2, R) x 
R+, the nine-dimensional analysis is similar to the IIB case. The 1-forms are Ai,q, 
Ai in the 2 © 1 of SL(2, K). We introduce the charges q", q°' and q such that 

(3.2) Bi=<z"Ai,„ B[^qAi Ci=r^i,a , 

where Bi and B[ are the selfdual and anti-selfdual part of a vector of the T-duality 
group S0(1,1). 

The charges that project on the RR fields of higher rank are obtained in terms 
of these charges according to the following rule: going from even to odd rank 
corresponds to adding a charge g", and going from odd to even corresponds to 
adding a charge q. For example, the charge of a Dl-brane is while the charge 
of a D2-brane is Cafsq^q^q, which shows that while the first can be related to a 
fundamental string of charge g"g, the second is a U-duality singlet. Proceeding 
this way, one can determine all the charges that project onto the RR fields. For 
the D6-brane one obtains 

(3.3) rq^q'q'q^^o.p , 
for the D7-brane one gets 

(3.4) rq^q'^q'q'e^p 
and finally for the D8-brane one gets 

(3.5) rq^q''q'q'q^e^0 ■ 

It is instructive to label these charges as {n{q)., n{q)) in terms of the number of q" 
and q" that occur (the number of q charges is not relevant because it is invariant 
under U-duality). In particular, the charges of the D6-brane and D7-brane are 
labelled by (3,1), while the charge of the D8-brane is labelled by (4,1). Performing 
a U-duality transformation corresponds to swapping q" and q°', which takes (3,1) to 
(1,3) and (4,1) to (1,4). This implies that for instance one cannot get a brane with 
n{q) = 2. The result, giving the full set of non-standard branes in nine dimensions, 
is summarized in Table [2J 
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brane 


U repr 


a = -l 


a =-2 


a = — 3 


a = -4 


5-brane 


6 C (8, 1) 


2C(2,1) 


2C(3,1) 


2C (2,1) 




6-brane 


6C(6,2) 


2C(1,2) 




4C (3,2) 




7-brane 


6 C (15,1) 


2C(2,1) 




2 C (4, 1) 


2C (3,1) 



Table 3 . The non-standard branes of D = 8 maximal supergrav- 
ity. The U-duality symmetry is SL{3,R) x S'L(2,R) and the T- 
duality is SL{2,R) x SL{2,R). 



3.2. D=8. In eight dimensions the U-duaUty group is SL(3, M) x SL(2, R) and 

the T-duality group is SL(2,R) x SL(2,]R) which is indeed isomorphic to SO(2,2). 
The 1-form Ai^Ma is in the (3, 2) of the U-duahty group, and is projected on the 
fundamental and RR fields through the charges 

(3.6) , 

where a denotes the 2 of the SL(2,IR) inside SL(3, M). The fundamental and RR 

1-forms are 

(3.7) Bi^ad = Qd^ Al,Ma C'l.a = <j'^ Al,Ma ■ 

The charges projecting on the fundamental string and the D-string are emnp^^ qj^ f"''' 
and eMNpq^ q^^ respectively, and one can similarly construct the charges for the 
higher rank forms using invariant tensors of the U-duality group. Given that there 
is always one and only one independent expression that gives the right charges, we 
can neglect the U-duality indices, so that for instance the charges for the funda- 
mental and D-string can be schematically written as 

(3.8) qaqye^'' qq^ • 

Moreover, we can label the charge in terms of the three numbers {n{qi), n{q2), nlq)), 
so that for instance the charge of the fundamental string is (1,1,0) while the charge 
of the D-string is the doublet (1,0, 1) and (0, 1, 1). One can easily see that per- 
forming SL(3, M) transformations these charges are mapped into each other. 
The charge projecting on the RR 3- form is 

(3.9) qqaqi,e''^ 

which we label as (1,1,1) and is clearly a singlet. This corresponds to a doublet of 
D2-branes, because the field possesses an a index with respect to the SL(2,]R) not 
inside SL(3,R) which is left understood in our notation. 

Proceeding this way one can determine the charge of all the branes in the 
theory. We now concentrate on the non-standard branes. The D5-brane charge is 

(3.10) qqaqi,qcqd<lee^'e'^ 

which is a doublet of charges (3, 2, 1) and (2, 3, 1). This can be rotated to the two 
solitonic branes (1,3,2) and (3, 1,2), as well as to the doublet of a = — 3 branes 
with charges (1,2,3) and (2, 1,3). 
The D6-brane charge is 

(3.11) ««dgi,gc9d9eg/e"^''^e'^ 
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brane 


U repr 


a = -1 


a = -2 


a = —3 


a = -4 


4-brane 


20 C 24 


4 C 4 


12 C 15 


4 C 4 




5-brane 


20 C 40 


4 C 4 


4 C 10 


12 C 20 




6-brane 


20 C 70 


4 C 4 




12 C 36 


4 C 10 



Table 4. The number of non-standard branes in D = 7 maximal 
supergravity. The U-duahty group is SL(5,R) and the T-duahty 
group is S'L(4,M). 



which we label by (3,3,1). This is a doublet of branes because the 7-form field 
possesses an extra a index. The fact that there are no 2's in this partition of 
charges immediately implies that there cannot be any solitonic brane because the 
charge can never be rotated to something with two q's. One can instead rotate to 
the two charges (1, 3, 3) and (3, 1, 3), corresponding to a = —3 branes, which makes 
a total of four branes due to the extra a index of the field. 
We finally consider the 8-forms. The D7-brane charge is 

(3.12) qqaqi,qcqaqeqfqge''e'^'ef3 

which corresponds to the doublet of charges (4, 3, 1) and (3, 4, 1). Again, this cannot 
be rotated to a solitonic brane, while there are two branes with a = —3, that is 
(4, 1, 3) and (1, 4, 3), and two branes with a — —4, that is (1, 3, 4) and (3, 1, 4). The 
overall result is summarized in Table [31 

3.3. ID— 7. We now consider the branes in seven dimensions, where the U- 
duality is SL(5,R) and the T-duality is SL(4,R), which is isomorphic to SO(3,3). 
As in the previous subsection we do not write explictly the U-duality indices, and 
we project the 1-form Ai^mn in the 10 of SL(5,IR) on the 4 and 6 of SL(4,R) 
through the charges 

(3.13) qa5 qab , 

where the index 5 has been left explicit to make the embedding of the 4 of SL(4, M) 
inside the 5 of SL(5;R) more transparent. 
The charges of the 2-forms are 

(3.14) Qfi^i) = gsagfece''^"^' 
and 

(3.15) Q^2,o) = qabqcde'"'"'' 

which correspond to the Dl-brane and the fundamental string respectively. Here 
we denote with Q[n.m) the charge of an n + m-form with n{q) — n and n{q) — m. 
Since one can rotate any d index to the index 5, all the 1-branes are connected by 
U-duality. We can also derive a general rule to determine how n{q) changes when 
we perform such a rotation. The rule is the following: if we rotate an upstairs index 
from a to 5, n{q) decreases by one unit and viceversa. If we rotate a downstairs 
index from a to 5, ri(q) increases by one unit and viceversa. 

We now move to the 3-forms. The charge for the D2-brane reads 

(3.16) Q(2,i)e = gsa^c^dee'"''''. 
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brane 


U repr 


a = -l 


a = -2 


a = —3 


a = -4 


a = — 5 


3-brane 


40 C 45 


8 C 8v 


24 C 28 


8 C 8v 






4-brane 


80 C 144 


8c8s 


32 C 56c 


32 c 56s 


8 C 8c 




5-brane 


80 C 320 


8 c 8v 


8 C 35v 


48 C 160v 


8 C 35v 


8 C 8v 



Table 5. The non-standard branes of D = 6 maximal supergrav- 
ity. The U-duahty group is 50(5,5) and the T-duaUty group is 
SO(4,4). 



This charge can be rotated to Q(i.2)5 which is the charge for a sohtonic brane, in 
agreement with our rule. 

We can now write down the expression for the charges of the non-standard 
D-branes. For the D4-brane one gets 

(3.17) Q(4,i).^ = q5aqbcqdeqfgqMe""""'e'f<^'''' . 

This charge can be rotated to the one with a — —2, (3(3, 2)1"' with i ^ j , which 
corresponds to 12 branes, and to the a = —3 charge (3(2,3)5-' in the 4 of SL(4,R). 
Next we move to the 5-branes. The D5-branes have charge 

(3.18) (3(5,1) ^ qbaqbcqdeQfgqhiqjkf^ ^jm gj ^ 

which can be rotated to the a = —2 charge (3(4,2)'''^ corresponding to 4 branes inside 
the 10 of SL(4,]R), and to the a = —3 charge (3(3,3)'''™, with I ^ m, corresponding 
to 12 branes inside the 20 of SL(4). 

Finally, we consider the 6-branes. The charge of the D6-branes is 

(3.19) Q(6,i)m'' = q5aqbcqdeqfgqMqjkqira£^''''''e''^'''^e'i''"' 

in the 4 of SL(4, M). This cannot be rotated to a charge with a — —2, while one can 
rotate to the a — —3 charge (3(4. 3)m"", with m ^ n, which gives 12 branes inside 
the 36 of SL(4,R), and to the a — —4 charge (3(3,4)5™" which gives four 6-branes 
inside the 10 of SL(4,R). This concludes the seven-dimensional analysis, which is 
summarised in Table |4l 

3.4. D=6. The six-dimensional case can in principle be treated precisely as 
the higher dimensional ones, but as we will see the analysis is considerably simplified 
because the U-duality is the orthogonal group SO(5,5). Given the 1-form Ai,^ in 
the 16 of S0(5, 5), one introduces the charges q^ and such that^ 

(3.20) = . 

Therefore, swapping q and q simply corresponds to swapping the chirality of the 
T-duality spinors. For every (m-l-n)-form, given the charge denoted by {n{q) , n(q)) , 
one can always construct the charge in which n{q) and n{q) are interchanged. This, 
together with the fact that the number of D-branes, solitonic branes and a = — 3 
branes is known in all dimensions jlOL 112] , automatically determines all the other 
branes. For the 4-forms, one has 8 D3-branes, corresponding to the charge (3, 1), 



■^Note that in this six-dimcnsional case we have denoted the fundamental 1-form with a T- 
duaUty spinor index instead of a vector index as in all other cases. This is consistent due to triality 
of SO(4,4). 
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dimension 


U repr 


a = -2 


a = —3 


a = -4 


D = 6 


16 C T26 


8 C 35s 




8 C 35c 


D = 7 


5 cT5 


4 c To 




1 C 1 


D^8 


2C(1,3) 


2 C (1,3) 






D^9 


1 C 1 


1 







Table 6. The tensor branes in any dimension. These branes are 
5-branes, and thus they can only exist in dimension six and above. 



24 solitonic branes with charge (2,2), and 8 a = —3 branes, corresponding to 
the charge (1,3). The 5-fornis give rise to 8 D4-branes (charge (4, 1)), 32 sohtonic 
branes (charge (3,2)), 32 a = —3 branes (charge (2,3)) and 8 a = —4 branes (charge 
(1,4)). The 6-forms in the 320 give rise to 8 D5-branes (charge (5,1)), 8 sohtons 
(charge (4,2)), 48 a = — 3 branes (charge (3,3)), 8 a = — 4 branes (charge (2,4)) 
and finaUy 8 a = —5 branes (charge (5,1)). The full result is summarized in Table 

El 

4. Tensor branes 

The analysis we have performed leaves aside another class of branes that occur 
in string theory, namely the supersymmetric branes whose worldvolume degrees of 
freedom are described by a tensor multiplet. We call these branes "tensor branes" , 
and the fact that tensor multiplets only occur in six dimensions implies that tensor 
branes must have a six-dimensional worldvolume, and thus only occur in super- 
gravity theories in six dimensions or higher. 

By looking at the way the 6-form potentials decompose under T-duality in var- 
ious dimensions, one can deduce that in dimensions higher than seven such branes 
can only be solitonic. The counting of solitonic tensor branes in any dimension 
was performed in [10 , and gives one tensor brane in nine dimensions, two in eight 
dimensions, four in seven dimensions and eight in six dimensions. The solitonic 
branes reveal the rule to determine the charge of these branes in general. The rule 
is that one has to take the square of the charge of the 3-form. This rule implies 
that the number of tensor branes equals in all cases the number of 2-branes, and 
that the only allowed tensor branes have either a — —2 or a = —4. 

In seven dimensions, taking the square of the charge (|3.16p one obtains the 
charge Q(3^i)aQ{3,i)a, describing 4 branes inside the 10 of SL(4,]R). This can be 
rotated to the charge Q(3.2)5Q(3,2)5i which is a singlet tensor brane with a = —4. 
The six-dimenisonal case works in exactly the same way, giving 8 solitonic tensor 
branes from the square of the D2-brane charge and other 8 a = —4 tensor branes 
from the square of the solitonic 2-brane charge. The results for all dimensions are 
summarized in Table [SI 

5. Conclusions 

We have reviewed the analysis of |8j , giving a completely general gauge- invariant 
expression for the WZ terms of all D-branes in any dimensions and a method to 
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construct a U-duality covariant expression for the RR fields of any maximal super- 
gravity theory. We have applied this method to determine the number of branes 
that are obtained by performing U-duality transformations on the D-branes. 

It is important to emphasize that the number of solitonic (i.e. a — —2) branes 
and the a = —3 branes have been derived recently by the authors using other 
independent methods |10|, 113^ I12j . and they coincide in all cases with the ones 
derived here. 
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